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Interest in riparian vegetation

33

Exploring the formation of vegetation patterns

Luther Water, Scotland, UK

Linear Stability Analysis: a trick 
to find additional equilibrium 
solutions

Equilibrium solution: ?? 

Calvani et al., 2022

• Riparian vegetation is an active component with multiple 
functions for the riverine ecosystems

• Growing next to water courses, it determines both passive 
and active feedbacks with river dynamics 

• Contributes to form river styles and patterns

• Pioneering species contribute to form new habitats 
(ecological niches)

• Very relevant for sustainable bioengineering approaches but 
also determines hydraulic risk (bank erosion, LW clogging, etc)
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Which riparian plants

• Willows and poplars (Family Salicaceae), several 
species, fast growth, waterlogging tolerant, etc 

• Ubiquitous along river Northern hemisphere, 
invasive elsewhere 

• Pioneer species: keystone succession element 
• Ecosystem engineers
• Sprout roots from cutting branches
• Largely used in experimental ecohydraulics

Naturally established Resprout from LW deposits Bioengineering techniques (cuttings)

Populus nigra (Black pupulous) Salix Alba (White willow)



Salicacee and fluvial processes
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Establishment and growth at the field scale
Seed recruitment 
➢ Salicaceae are heliophilous

- Require bare ground 
➢ Short-lived seeds ~ 20 days

- Require moist substrate 
➢ Seeds dispersal sync with annual peak 

- Floods create bare nursery sites 
- Receding wave provides moisture 

➢ Roots track declining stage 
- Max decline 2 - 3 cm/day 
- Max root growth 1.5 - 1.7 cm/day 

➢ Recruitment box model (Mahoney and Rood 1998)
➢ Recruitment “bands” 

Mahoney, J.M., Rood, S.B., 1998. Streamflow Requirements for 
Cottonwood Seedling Recruitment An Integrative Model. Wetlands 
18, 634–645 



Growth of willow cuttings

• ~ 1200 Salix cuttings in 26 
Plots (2m x 2m) with different 
densities (9 and 20 
plants/m^2)

• 2 Field campaigns (09;10)  



away, or if they had failed to sprout. In these cases,
because the data was no longer available, the correspond-
ing cell was left blank.

The growth curve of single cuttings was eventually
computed on the basis of the evolution of their main stem
length, and colour intensity was used to graphically

a) b)

c)

Figure 3. Map of the investigated island showing the location of the vegetation plots in 2009 (a) and 2010 (b). Plot locations have been identified mainly
according to hydraulic parameters (flow, shear stress and velocity) and to topography (elevation). Frame (c) shows the hydrographs of the corresponding years

Figure 4. Cutting growth (in mm) monitored for plot 9 in 2009 (first row) and plot 3 in 2010 (second row) through the corresponding season. Cutting
length has been measured periodically during the growing season, each year. For each plot, individual cutting growth and survival are later counted to
compute average growth, growth rate and survival. The level of intensity of greenish squares in each square frame represents the length of the longest
shoot from each cutting, as recorded on the day of the monitoring. White squares represent dead cuttings. Through the season, several cuttings disappear

from the plot. The coordinates on the x-axis and y-axis represent the i,j position of the cutting within the 6× 6 cutting plot
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From: Pasquale, Perona 
et al., Hydr. Proc. 2014

Two plots growth dynamics:

Color intensity represents the length of the 
longest branch in the cutting

which is higher than that observed for the season 2010
(131mm over the same time, i.e. 4.4mm/day). In 2009, the
growth increased again in August, in contrast with 2010
where both higher mortality and reduced plant growth were
generally observed (Figure 5).
The mean growth rate computed for all plots during

both growing seasons (Figure 7) reveals interesting hints
about how cuttings start growing after being planted in
such environments. At the beginning of the season and
the until middle of May, the approximated growth rate is
similar among plots (5–10mm/day) and suggests spatial
independence. Later, plant stress likely induced by the
arrival of early seasonal floods becomes visible (Figure 7),
and plot damage appears as a recession rate (i.e. negative)
during the following observation period. The obvious
physical meaning is that the damage experienced by
cuttings during a flood event is greater than the potential
of growth within the time of the flood event and the
following monitoring. Mortality is also visible in Figure 4
(first row), where the number of white squares increases
dramatically between the fifth and sixth monitoring
period (2 and 29 July).

Correlation between stem length and root volume

The two indices, RVR and RLD, obtained from the
root analysis are shown in Figure 8. Beyond following a
completely different trend, by the end of each season,
their average values were higher in 2009 than in 2010.
For instance, the mean RVR at the end of September 2009
was 0.0015. Instead, in September 2010, the same ratio
was 0.0009, that is only 60% of the value recorded the
previous year. Similarly, mean RLD in September 2010
was about 0.22, that is about the 38% of the value (0.58)
observed in September 2009.
For both seasons, stem length and root volume are

correlated and can be fitted by a power law in the form
Ls ¼ a"Vb

r , which produces the results shown in Figure 9.
The corresponding coefficients a, b and the goodness of fit
R2
adj are shown in Table I. Data from all samples in 2009

have R2
adj ¼ 0:74 (Figure 9a). Root volume in 2010 was

significantly lower compared with that in 2009, whereas the
stem growth is more similar for the 2 years. These
unbalanced data determine a regression with a lower
R2
adj ¼ 0:53 (Figure 9b). Figure 9c shows the regression

analysis month-to-month for both seasons 2009 and 2010
and the regression considering all data ( R2

adj ¼ 0:65 ).
Regression coefficients together with the coefficients of
determination R2

adj are given in Table I.

Survival rate in relation to morphodynamic processes

The causality between flood arrival and plot mortality is
quantified by considering cutting mortality in relation to
river hydrodynamics and morphodynamics, particularly to

a)

b)

Figure 5. Survival of the cuttings and hydrograph of the river in 2009 (a) and
2010 (b). At the beginning, after planting, there is an increase in survival
because some cuttings take more time than others to produce new shoots.
Curves of survival decrease dramatically in correspondencewith the twomain
floods registered. Large flood events represent the main cause of death for
cuttings growing on gravel bars and islands. Because of the monitoring
frequency, it was not possible to clearly capture the damage produced right
after a flood. Frame (a) shows the dashed line that reproduces the theoretical
trend of survival in correspondence with the two main flood events in 2009

a)

b)

Figure 6. Growth curve of the main stem length during the growing season
fromApril, when cuttings were planted, to the end of September, computed in
2009 (a) and 2010 (b). The growth trend was quite fast in 2009, until August,
when it seemed to slow and almost stop. In 2010, in comparisonwith 2009,we
observed a more linear, constant growth through the season, even though the

recorded average was generally lower
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Logistic growth models
The effect of carrying capacity:
Logistic growth model

Useful to describe environmental 
resistance to grow, but no predators
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Other similar models

…or the JABOWA equation 
(Botkin et al., 1972)

Vegetation growth (Logistic Verhulst 
equation) and decay (Camporeale, 
2006; Perona et al., 2014)

Discrete logistic map

Xn+1=a Xn(1- Xn)

Very interesting behaviour for changing a!

Growth

Decay



Large wood logs 
•LW created & deposited by floods 
•➢ Favourable locations: 

• ○ Low enough to provide 
moisture 

• ○ High enough to prevent 
re-mobilization 

• by subsequent floods 
•➢ Key regeneration process in 
highly dynamic rivers

Bau and Perona, JGR 2020
Laboratory experiments

Logistic equation (Verhulst, 
1840) for biomass amount X(t)

Number of leaves correlates linearly 
with total stem length
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Below-ground biomass



Source: naturflip

Plant root functions in riparian environments (e.g., 
Waisel et al.)

Increase soil cohesion of the riverbank

Influence biogeochemical processes in the soil

Sustain below-ground biodiversity

Riparian landscapes shaped by plant roots evolution (e.g., 
Gibling and Davies, Nature Geosci. 2013)

Definitive early roots in the paleozoic

Increased biogeomorphic complexity

Favored aquatic à terrestrial species



Paleozoic landscapes shaped by plant roots evolution

13

After Gibling and Davies,
Nature Geoscience, 2012
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From Waisel et al, 
2002

After Davies and Gibling, 
2011

Ancient root systems: 
(Bottom) The oldest (396 
Mio ys) rooting structure 
preserved in growth 
position; (Top) A 377 Mio-ys-
old root of Chamaendendron
multisporangiatum showing 
multiple bifurcations on both 
the root (R) and the Stem (S).
Source: Waisel et al., Plant 
Roots: the hidden half 



Plant roots growth: tropism actions
“Tropism” is the response of biological systems to environmental stimuli 

• Gravitropism (Geotropism): root response to gravity (Knight, 1811)

• Hydrotropism: response to soil moisture gradients(Sachs 1872)

• Phototropism: response to light sources (Darwin, 1881*)

• Thigmotropism: response to mechanical impedence (Darwin, 1881)

• Oxytropism (aerotropism): response to oxygen concentration 
(Pfeffer, 1906)

• Chemotropism: response to nutrients (chemicals) concentration

• Plagiotropism: response to temperature gradients (Kaspar and bland 
1992)

Darwin and Darwin, The power of movement in plants, 1881

Pea root growth



Root growth

source: http://mtwatercourse.org/

Differently from rainfed upland, river level fluctuations
may shape the vertical root profile of vegetation
cuttings*!

Pasquale, Perona et al. Ecol. Eng., 2012

soil surface

depth z
Soil Moisture Station
Piezometer
Soil moisture sensors

Qs=50 
m^3/s

• ~ 1200 Salix cuttings in 26 
Plots (2m x 2m) with different 
densities (4 and 20 
plants/m^2)

• 2 Field campaigns (09;10)  

Salix Alba Salix Nigricans Salix Purpurea



Dimensionless root mode depth-to-surface

EREw

Ep

After Pasquale, Perona et al., Ecol. Eng., 2012

Er =
1.2Ep +Ew

2.2

Prediction for 
2010

𝜼 ≈ −𝟏. 𝟐



Some root characteristics of riparian vegetation
Polvi et al., 2014



Re-sprouting of Large Wood Deposits

Total root length Number of roots Rooting depth

Bau and Perona, JGR 2020



Root growth models



Root analysis and architecture models
The iRoCS Toolbox – 3D analysis of the plant root apical 
meristem at cellular resolution (Schmidt et al., Plant Journal, 2014)

• 3D-Geometric models
• Based on a number of predefined (probabilistic) 

geometric rules, e.g.:
Ø Number of branches
Ø Branching length
Ø Branching angles

SIMROOT
(The American School, 

Lynch et al., Plant & Soil, 
1997)

ROOTMAP
(The Australian School, 

Diggle, Plant & Soil, 1988)

Includes some kinematics functions 
and generates “solid” 3-D roots

definition of the coordinate system, and assignment of a
layer label to each cell. This process is shown in Figure 2.

To fit the coordinate system, the coordinate origin (QC)
must be manually annotated for each root, which requires
minimal user interaction. The output tables of both pipe-
lines contain different properties for each cell, which
depend on the type of input data provided. Independent of
the marker, the positions of all cells as Euclidean coordi-
nates and bent-cylinder coordinates are extracted. The
whole pipeline is described in Experimental procedures,
and in more detail in the Methods S1–S3. The accuracy of

the automatic analysis depends on the quality of the input
data. For good data quality, detection of the basic struc-
tures is usually more than 90% accurate (Figure S2), but
errors in this step affect the accuracy of all further steps.
Detailed detection, segmentation and classification accu-
racy analyses are described in Methods S1 and S3.

Nucleus detection and classification (semi-automatic). Stain-
ing of nuclei using 4,6–diamidino-2–phenylindole (DAPI)
resulted in a variety of appearances. Therefore,
simultaneous detection of nuclei at various developmental

(a) (b)

Figure 1. Root description using iRoCS.
(a) Volume rendering of a DAPI-stained Arabidopsis root tip virtually cut along the root axis. White annotations indicate the attached cylinder coordinate system;
coloured spheres indicate nuclei of different tissue layers.
(b) Nucleus map of a virtually unrolled wild-type root sample with accumulated mitoses after 60 min colchicine treatment. Each sub-graph corresponds to the
indicated tissue layer. Dots, cell nuclei; circles, mitoses.

Figure 2. iRoCS pipelines.
Top: nucleus-based pipeline; bottom: cell
boundary-based pipeline. From left to right:
orthographic view of the microscopic recording;
feature detection result in xy and zy sample
slices (top: nucleus locations; bottom: cell seg-
mentation); axis fitting result (yellow lines indi-
cate the centre line and mean root thickness);
classification of the cells by tissue layer (dark
blue, root cap; cyan, epidermis; green, cortex;
yellow, endodermis; red, pericycle; brown, vas-
culature; white, QC); 3D rendering of the result-
ing model. Scale bars = 100 lm.

© 2014 The Authors
The Plant Journal © 2014 John Wiley & Sons Ltd, The Plant Journal, (2014), 77, 806–814
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Root description
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Root “pipelines”

reasons for these differences require further analysis, but
the reduced auxin efflux in the epidermis of pin2 appears
to significantly alter the auxin gradient in the stele.

Ottenschl€ager et al. (2003) have demonstrated auxin accu-
mulation in root tips of pin2 plants. However, the increase
is most prominent in columella. To our knowledge, a sig-
nificant effect on the stele has not yet been observed.

For comparison, the nucleus maps and corresponding
box plots for a fully automatic analysis are given in Figure
S5. The observed differences are discussed in Methods S4.

Adaptation to strong phenotypes (semi-automatic). iRoCS
may be easily adapted to strong phenotypes. To show this,
we analysed the distribution of nuclei in the shortroot (shr)
mutant. The SHORTROOT (SHR) gene plays a central role
in controlling the asymmetric cell divisions of the cortex/
endodermis initials. The endodermis is not developed and
therefore absent in shr plants (Cui et al., 2007). The shr
phenotype is characterized by very short roots and darker
cotyledons compared to the wild-type (Helariutta et al.,
2000).

Preparation and recording were performed as described
in Experimental procedures without application of colchi-
cine. We applied the iRoCS pipeline using models for
nucleus detection and epidermis labelling trained on the
wild-type. These models are not affected by the shr pheno-
type because the nuclear appearance remains the same
and the epidermis is still the outer root layer.

Only the layer assignment model (which relies on the
root geometry) was re-trained. This was necessary because
shr has a shorter and thinner RAM, and the endodermal
layer is absent. To do this, the layers were first classified
using the layer assignment model trained on the wild-type.
Stele had already been accurately assigned using this
model. Erroneous labels in the outer tissues were manu-
ally corrected, and the new model was trained using cor-
rectly assigned layer labels (Methods S5 and Table S3).

Figure 6(a) shows the resulting nucleus map and corre-
sponding mitosis distribution for a shr population compris-
ing four roots. When comparing the nuclear density and
mitosis distributions of shr mutants with other genotypes
in the z direction, the RAM shortening is clearly visible.
The mean RAM lengths of the various populations were
compared after fitting a bi-sigmoidal model to the mea-
sured cellular positions (Methods S6 and Figures S6–S8).
The comparison is shown in Figure 6(b).

(a)

(b)

(c)

(d)

Figure 5. Comparison of per layer mitosis distributions for three popula-
tions (n = 10 for each population). RC, root cap; Epid, epidermis; Cor, cor-
tex; Endo, endodermis; Peri, pericycle; Vasc, vasculature.
(a–c) Representative nucleus maps of virtually unrolled root tips. Dots,
nuclei; circles, mitoses. The histogram to the left of each layer panel indi-
cates the mitosis distribution of that layer for the plant population: (a) wild-
type; (b) pin2; (c) pin4. (d) Summary of the mitosis distributions of the three
populations. Bars: median values; boxes: interquartile ranges (IQR); whis-
kers: lowest and highest data within 1.5 IQR; open circles: outliers. Notches
at either side of the boxes around the median bar indicate significance of differ-
ences of the distribution medians using the non-parametric Kruskal–Wallis test.
Non-overlapping notch intervals indicate significantly different medians
(P = 0.05).

© 2014 The Authors
The Plant Journal © 2014 John Wiley & Sons Ltd, The Plant Journal, (2014), 77, 806–814

iRoCS – automatic 3D plant root analysis 811

Cumulated median statistics 
concerning hormon fluxes 
within cell tissues



Root density models (1D)
The Italian School, Ecohydrology

(Laio, WRR, 2006,
Laio et al., GRL, 2006; Tron et al., 2014)

The American School, Optimization
C cost & benefit (Guswa, WRR, 2008

Guswa, WRR, 2010)



Root Distribution Model (2D)Root development model
Schwarz et al. 2010 Laio et al. 2006 Tron et al. 2014

Geophysical Research Letters 10.1002/2015GL064857

Figure 1. Tron et al. [2014] model scheme of water table and root growth dynamics in the riparian zone. Fluctuations of
the capillary fringe due to water table dynamics determine at a certain depth z∗ windows of water availability and
scarcity. These, in turn, drive statistically favorable or unfavorable conditions to root growth or decay (red continuous
and dotted lines) which in the last term produce the vertical root profile r(z).

analytically [Ridolfi et al., 2011; Tron et al., 2014]. The result is a relatively simple expression which describes
the mean vertical profile of roots

r(z) = 2!(z)k(z)
!(z) + !(z)k(z) + 1 − k(z) , (2)

where !(z) is the ratio between root growth and decay rates. The !(z) can be assumed to be a decreasing
function of z to describe the difficulty of plants to develop roots at large depths. The function k(z) reads

k(z) =
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(3)

where Γ(⋅, ⋅) is the incomplete gamma function and #̃ = #∕%. The strength and versatility of the model rely
on the fact that all parameters which appear in equations (2) and (3) are physically based and can be easily

Table 1. Parameter Values of the Modeled Root Profilesa

IDb $ (cm) #̃ h (cm) L (cm) c (cm) zm (cm) Δz (cm)

a1 35 1.5 200 120 – 160 –

a2 35 1.5 200 120 – 130 –

a3 35 1.5 200 120 – 200 –

a4 35 1.5 250 180 – 180 –

b1 15 2 139 30 40 60 –

b2 15 2 70 30 40 60 –

b3 15 2 70 30 40 60 –

b4 15 2 120 30 40 60 –

c1 15 2 228 30 40 60 15

c2 22 2 154 30 40 60 3

c3 15 2 113 30 40 60 23

c4 15 2 172 30 40 60 27

c5 25 2 149 30 40 60 2

c6 15 2 72 30 40 60 -9

d1 11 1.7 76 30 50 100 –

d2 5 1.6 77 30 50 100 –

d3 3 1.4 100 30 50 100 –
aThe parameters $, #̃, and h are water table related, L depends on the soil texture, c is the cutting length within the

soil, zm is the maximum root depth, and Δz is the surface elevation increase due to morphological changes.
bProfiles at the Rhone embankment (a), the Thur island in 2009 (b) and 2010 (c), and at the outdoor experiment in

Lausanne (d).

TRON ET AL. SIGNATURE OF RANDONMESS IN ROOTS 7100

Tron et al., JTB (2014)

Perona et al., Ecol. Eng. 2022

Awaiting for testing 
to crop plants 
under different 
tropism scenarios. 
Any interest?



A stochastic model for riparian plant roots growth 
(Tron et al., JTB 2014)

FIRST: approximation of river fluctuations as a stochastic 
process driven by white shot noise:

Stochastic jumps (Poisson) + deterministic descends

Compound Poisson Process
Cox and Miller (1969), Iturbe et al. 
(1999), Ridolfi et al. (2006), Botter et 
al. (2007)

Noise term as 
“Jumps (White 
Shot Noise)”

The pdf p(h) is analytical and is a Gamma function 



Dry zone

Capillary
Fringe

Saturated 
zone

Water table fluctuations

STOCHASTIC PROCESS DRIVEN 
BY WHITE SHOT NOISE

The model is built considering that in riparian environments hydrotropism and 
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where h1 ¼ ~h1= ~h2. This pdf is defined in the interval ð$1;h1Þ, but
the part of the function above the surface (zo0) is not significant
as roots of course can only grow below ground.

It is then possible to find the probability k(z) that a generic
depth z¼ ~z= ~h2 falls in the optimal root-growth zone. The prob-
ability k(z) that zi$Lozozi, where L¼ ~L= ~h2, corresponds to
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where Γð(; (Þ represents the incomplete Gamma function (Abramowitz
and Stegun, 1964). The probability (5) is defined between $1 and h1,
but we only consider the range 0ozoh1 where the roots can
possibly grow.

Our aim is now to link k(z) to the dynamics of growth and
decay of roots. These dynamics are related to the position of the
optimal root-growth box. According to the stochastic fluctuations
of the water table, at a certain instant in time a generic depth z
falls in the optimal root growth zone with probability k(z). When
the depth z falls in the root growth window the root development
is enhanced, otherwise the roots tend to die for dryness or anoxia.
The root growth is not only dependent on the position of the
window, but also on the depth. The root development is generally
favored near the soil surface; plants tend to allocate roots near the
surface because the growth of deeper roots entails a larger carbon
cost (Guswa, 2010). Instead, the process of root decay is considered
to be independent of the soil depth. The alternating states of root
growth and decay under unstressed and stressed conditions can
be modeled by two functions, ~f 1ðrðzÞÞ and ~f 2ðrðzÞÞ, respectively
(Borgogno et al., 2010):

drðzÞ
d~t

¼
~f 1ðrðzÞÞ ¼ βðzÞð1$rðzÞÞ if zi$Lozozi;
~f 2ðrðzÞÞ ¼ $γrðzÞ if zozi$L 3 z4zi;

(

ð6Þ

where r(z) is the normalized root mass at a depth z, i.e. the actual
root mass divided by the maximum root mass possibly growing at
any depth under favorable growth conditions. We use a normal-
ized root mass in order to have a dimensionless variable which
ranges from a minimum value of zero to a maximum value of one.
In order to obtain the real root mass, r(z) should be multiplied
by the maximum root mass which is assumed to be independent
of the depth z, but is dependent on plant and soil hydraulic
characteristics. The function βðzÞ [1/T] and the parameter γ [1/T]
are the root growth and decay rates, respectively. In particular,
βðzÞ is a penalty function, monotonically decreasing with depth,
which favors the root growth in the more surficial layers, and γ is a
parameter describing the rapidity of the root decay in stressed
conditions.

Since we are considering dimensionless variables, we also consider
a dimensionless time t ¼ ~tγ, which transforms Eq. (6) into

drðzÞ
dt

¼
f 1ðrðzÞÞ ¼ θðzÞð1$rðzÞÞ if zi$Lozozi;
f 2ðrðzÞÞ ¼ $rðzÞ if zozi$L 3 z4zi;

(
ð7Þ

where θðzÞ ¼ βðzÞ=γ is the ratio between growth and decay root rates.
The dynamics of root growth and decay are analyzed for 0ozoh1:
the bound h1 derives from Eq. (3) (the root growth box never reaches
depths larger than h1), while the bound in zero is imposed because,
as we model the root dynamics, we are interested in the below
ground zone.

The dynamical behavior of root growth and decay can be
described by the mechanistic usage of the dichotomous noise
(Ridolfi et al., 2011; Laio et al., 2008). In fact, the dichotomous noise
is commonly used to describe systems that randomly switch
between two dynamical states, in this case root growth and decay.
The random driver which determines the transition between the
condition favorable to growth or decay is the root box position with
respect to z. The dichotomous process is a stochastic process forced
by the dichotomous noise ξdn which can assume only two values,Δ1

and Δ2, with transition rate k2 for the transition Δ2-Δ1, and
k1 ¼ 1$k2 for Δ1-Δ2. The transition rate k2 represents the prob-
ability of success, i.e. the probability to switch from the dynamic of
root decay to the dynamic of root growth; vice versa, the transition
rate k1 is the probability of failure. In this case the rate k2
corresponds to the probability that zi$Lozozi which is equal to
k(z) (Eq. (5)), while the other transition rate is k1 ¼ 1$kðzÞ.

By knowing the probability of success, k2, and failure, k1, and
the dynamic states of root growth, f 1ðrðzÞÞ, and decay, f 2ðrðzÞÞ (see
Eq. (7)), it is possible to find at each depth z the probability density
function of the state variable r(z) (see Eq. (2.44) of Ridolfi et al.,
2011), which is equal to

pðrðzÞÞ ¼ C
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where the integration constant C can be obtained by imposing that
the integral of pðrðzÞÞ over its domain is equal to one. With f1 and f2
from Eq. (7) this steady state probability density function reads
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where k(z) is given by Eq. (5). The function pðrðzÞÞ represents the
probability at each depth z to have a certain amount of roots r(z).
Eq. (9) is obtained by coupling the dynamics of root growth and
decay (Eq. (7)) with the probability to have water available for root
uptake at a certain depth z (Eq. (5)). In order to obtain the vertical
profile we calculate, at each depth, the mean value of r(z). We have
chosen to use the mean because, by definition of expected value, it
realistically represents the quantity of roots that one expects to
find at a given depth. The vertical root distribution, for 0ozoh1,
thus reads

rðzÞ ¼
Z 1

0
rðzÞ ( pðrðzÞÞ dr ¼

2θðzÞkðzÞ
θðzÞþθðzÞkðzÞþ1$kðzÞ

: ð10Þ

This equation describes the vertical root profile of phreatophytic
plants as a function of groundwater, soil and vegetation parameters.
The parameters α and λ are related to the river level variability,
while η is linked both to river dynamics and soil properties. The
parameters L and h2$h1 depend on both soil hydraulic properties
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where h1 ¼ ~h1= ~h2. This pdf is defined in the interval ð$1;h1Þ, but
the part of the function above the surface (zo0) is not significant
as roots of course can only grow below ground.

It is then possible to find the probability k(z) that a generic
depth z¼ ~z= ~h2 falls in the optimal root-growth zone. The prob-
ability k(z) that zi$Lozozi, where L¼ ~L= ~h2, corresponds to
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where Γð(; (Þ represents the incomplete Gamma function (Abramowitz
and Stegun, 1964). The probability (5) is defined between $1 and h1,
but we only consider the range 0ozoh1 where the roots can
possibly grow.

Our aim is now to link k(z) to the dynamics of growth and
decay of roots. These dynamics are related to the position of the
optimal root-growth box. According to the stochastic fluctuations
of the water table, at a certain instant in time a generic depth z
falls in the optimal root growth zone with probability k(z). When
the depth z falls in the root growth window the root development
is enhanced, otherwise the roots tend to die for dryness or anoxia.
The root growth is not only dependent on the position of the
window, but also on the depth. The root development is generally
favored near the soil surface; plants tend to allocate roots near the
surface because the growth of deeper roots entails a larger carbon
cost (Guswa, 2010). Instead, the process of root decay is considered
to be independent of the soil depth. The alternating states of root
growth and decay under unstressed and stressed conditions can
be modeled by two functions, ~f 1ðrðzÞÞ and ~f 2ðrðzÞÞ, respectively
(Borgogno et al., 2010):

drðzÞ
d~t

¼
~f 1ðrðzÞÞ ¼ βðzÞð1$rðzÞÞ if zi$Lozozi;
~f 2ðrðzÞÞ ¼ $γrðzÞ if zozi$L 3 z4zi;

(

ð6Þ

where r(z) is the normalized root mass at a depth z, i.e. the actual
root mass divided by the maximum root mass possibly growing at
any depth under favorable growth conditions. We use a normal-
ized root mass in order to have a dimensionless variable which
ranges from a minimum value of zero to a maximum value of one.
In order to obtain the real root mass, r(z) should be multiplied
by the maximum root mass which is assumed to be independent
of the depth z, but is dependent on plant and soil hydraulic
characteristics. The function βðzÞ [1/T] and the parameter γ [1/T]
are the root growth and decay rates, respectively. In particular,
βðzÞ is a penalty function, monotonically decreasing with depth,
which favors the root growth in the more surficial layers, and γ is a
parameter describing the rapidity of the root decay in stressed
conditions.

Since we are considering dimensionless variables, we also consider
a dimensionless time t ¼ ~tγ, which transforms Eq. (6) into

drðzÞ
dt

¼
f 1ðrðzÞÞ ¼ θðzÞð1$rðzÞÞ if zi$Lozozi;
f 2ðrðzÞÞ ¼ $rðzÞ if zozi$L 3 z4zi;

(
ð7Þ

where θðzÞ ¼ βðzÞ=γ is the ratio between growth and decay root rates.
The dynamics of root growth and decay are analyzed for 0ozoh1:
the bound h1 derives from Eq. (3) (the root growth box never reaches
depths larger than h1), while the bound in zero is imposed because,
as we model the root dynamics, we are interested in the below
ground zone.

The dynamical behavior of root growth and decay can be
described by the mechanistic usage of the dichotomous noise
(Ridolfi et al., 2011; Laio et al., 2008). In fact, the dichotomous noise
is commonly used to describe systems that randomly switch
between two dynamical states, in this case root growth and decay.
The random driver which determines the transition between the
condition favorable to growth or decay is the root box position with
respect to z. The dichotomous process is a stochastic process forced
by the dichotomous noise ξdn which can assume only two values,Δ1

and Δ2, with transition rate k2 for the transition Δ2-Δ1, and
k1 ¼ 1$k2 for Δ1-Δ2. The transition rate k2 represents the prob-
ability of success, i.e. the probability to switch from the dynamic of
root decay to the dynamic of root growth; vice versa, the transition
rate k1 is the probability of failure. In this case the rate k2
corresponds to the probability that zi$Lozozi which is equal to
k(z) (Eq. (5)), while the other transition rate is k1 ¼ 1$kðzÞ.

By knowing the probability of success, k2, and failure, k1, and
the dynamic states of root growth, f 1ðrðzÞÞ, and decay, f 2ðrðzÞÞ (see
Eq. (7)), it is possible to find at each depth z the probability density
function of the state variable r(z) (see Eq. (2.44) of Ridolfi et al.,
2011), which is equal to

pðrðzÞÞ ¼ C
1

f 1ðrðzÞÞ
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where the integration constant C can be obtained by imposing that
the integral of pðrðzÞÞ over its domain is equal to one. With f1 and f2
from Eq. (7) this steady state probability density function reads
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where k(z) is given by Eq. (5). The function pðrðzÞÞ represents the
probability at each depth z to have a certain amount of roots r(z).
Eq. (9) is obtained by coupling the dynamics of root growth and
decay (Eq. (7)) with the probability to have water available for root
uptake at a certain depth z (Eq. (5)). In order to obtain the vertical
profile we calculate, at each depth, the mean value of r(z). We have
chosen to use the mean because, by definition of expected value, it
realistically represents the quantity of roots that one expects to
find at a given depth. The vertical root distribution, for 0ozoh1,
thus reads

rðzÞ ¼
Z 1

0
rðzÞ ( pðrðzÞÞ dr¼

2θðzÞkðzÞ
θðzÞþθðzÞkðzÞþ1$kðzÞ

: ð10Þ

This equation describes the vertical root profile of phreatophytic
plants as a function of groundwater, soil and vegetation parameters.
The parameters α and λ are related to the river level variability,
while η is linked both to river dynamics and soil properties. The
parameters L and h2$h1 depend on both soil hydraulic properties
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where h1 ¼ ~h1= ~h2. This pdf is defined in the interval ð$1;h1Þ, but
the part of the function above the surface (zo0) is not significant
as roots of course can only grow below ground.

It is then possible to find the probability k(z) that a generic
depth z¼ ~z= ~h2 falls in the optimal root-growth zone. The prob-
ability k(z) that zi$Lozozi, where L¼ ~L= ~h2, corresponds to
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where Γð(; (Þ represents the incomplete Gamma function (Abramowitz
and Stegun, 1964). The probability (5) is defined between $1 and h1,
but we only consider the range 0ozoh1 where the roots can
possibly grow.

Our aim is now to link k(z) to the dynamics of growth and
decay of roots. These dynamics are related to the position of the
optimal root-growth box. According to the stochastic fluctuations
of the water table, at a certain instant in time a generic depth z
falls in the optimal root growth zone with probability k(z). When
the depth z falls in the root growth window the root development
is enhanced, otherwise the roots tend to die for dryness or anoxia.
The root growth is not only dependent on the position of the
window, but also on the depth. The root development is generally
favored near the soil surface; plants tend to allocate roots near the
surface because the growth of deeper roots entails a larger carbon
cost (Guswa, 2010). Instead, the process of root decay is considered
to be independent of the soil depth. The alternating states of root
growth and decay under unstressed and stressed conditions can
be modeled by two functions, ~f 1ðrðzÞÞ and ~f 2ðrðzÞÞ, respectively
(Borgogno et al., 2010):

drðzÞ
d~t

¼
~f 1ðrðzÞÞ ¼ βðzÞð1$rðzÞÞ if zi$Lozozi;
~f 2ðrðzÞÞ ¼ $γrðzÞ if zozi$L 3 z4zi;

(

ð6Þ

where r(z) is the normalized root mass at a depth z, i.e. the actual
root mass divided by the maximum root mass possibly growing at
any depth under favorable growth conditions. We use a normal-
ized root mass in order to have a dimensionless variable which
ranges from a minimum value of zero to a maximum value of one.
In order to obtain the real root mass, r(z) should be multiplied
by the maximum root mass which is assumed to be independent
of the depth z, but is dependent on plant and soil hydraulic
characteristics. The function βðzÞ [1/T] and the parameter γ [1/T]
are the root growth and decay rates, respectively. In particular,
βðzÞ is a penalty function, monotonically decreasing with depth,
which favors the root growth in the more surficial layers, and γ is a
parameter describing the rapidity of the root decay in stressed
conditions.

Since we are considering dimensionless variables, we also consider
a dimensionless time t ¼ ~tγ, which transforms Eq. (6) into

drðzÞ
dt

¼
f 1ðrðzÞÞ ¼ θðzÞð1$rðzÞÞ if zi$Lozozi;
f 2ðrðzÞÞ ¼ $rðzÞ if zozi$L 3 z4zi;

(
ð7Þ

where θðzÞ ¼ βðzÞ=γ is the ratio between growth and decay root rates.
The dynamics of root growth and decay are analyzed for 0ozoh1:
the bound h1 derives from Eq. (3) (the root growth box never reaches
depths larger than h1), while the bound in zero is imposed because,
as we model the root dynamics, we are interested in the below
ground zone.

The dynamical behavior of root growth and decay can be
described by the mechanistic usage of the dichotomous noise
(Ridolfi et al., 2011; Laio et al., 2008). In fact, the dichotomous noise
is commonly used to describe systems that randomly switch
between two dynamical states, in this case root growth and decay.
The random driver which determines the transition between the
condition favorable to growth or decay is the root box position with
respect to z. The dichotomous process is a stochastic process forced
by the dichotomous noise ξdn which can assume only two values,Δ1

and Δ2, with transition rate k2 for the transition Δ2-Δ1, and
k1 ¼ 1$k2 for Δ1-Δ2. The transition rate k2 represents the prob-
ability of success, i.e. the probability to switch from the dynamic of
root decay to the dynamic of root growth; vice versa, the transition
rate k1 is the probability of failure. In this case the rate k2
corresponds to the probability that zi$Lozozi which is equal to
k(z) (Eq. (5)), while the other transition rate is k1 ¼ 1$kðzÞ.

By knowing the probability of success, k2, and failure, k1, and
the dynamic states of root growth, f 1ðrðzÞÞ, and decay, f 2ðrðzÞÞ (see
Eq. (7)), it is possible to find at each depth z the probability density
function of the state variable r(z) (see Eq. (2.44) of Ridolfi et al.,
2011), which is equal to

pðrðzÞÞ ¼ C
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where the integration constant C can be obtained by imposing that
the integral of pðrðzÞÞ over its domain is equal to one. With f1 and f2
from Eq. (7) this steady state probability density function reads
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where k(z) is given by Eq. (5). The function pðrðzÞÞ represents the
probability at each depth z to have a certain amount of roots r(z).
Eq. (9) is obtained by coupling the dynamics of root growth and
decay (Eq. (7)) with the probability to have water available for root
uptake at a certain depth z (Eq. (5)). In order to obtain the vertical
profile we calculate, at each depth, the mean value of r(z). We have
chosen to use the mean because, by definition of expected value, it
realistically represents the quantity of roots that one expects to
find at a given depth. The vertical root distribution, for 0ozoh1,
thus reads

rðzÞ ¼
Z 1

0
rðzÞ ( pðrðzÞÞ dr¼

2θðzÞkðzÞ
θðzÞþθðzÞkðzÞþ1$kðzÞ

: ð10Þ

This equation describes the vertical root profile of phreatophytic
plants as a function of groundwater, soil and vegetation parameters.
The parameters α and λ are related to the river level variability,
while η is linked both to river dynamics and soil properties. The
parameters L and h2$h1 depend on both soil hydraulic properties
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where h1 ¼ ~h1= ~h2. This pdf is defined in the interval ð$1;h1Þ, but
the part of the function above the surface (zo0) is not significant
as roots of course can only grow below ground.

It is then possible to find the probability k(z) that a generic
depth z¼ ~z= ~h2 falls in the optimal root-growth zone. The prob-
ability k(z) that zi$Lozozi, where L¼ ~L= ~h2, corresponds to
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where Γð(; (Þ represents the incomplete Gamma function (Abramowitz
and Stegun, 1964). The probability (5) is defined between $1 and h1,
but we only consider the range 0ozoh1 where the roots can
possibly grow.

Our aim is now to link k(z) to the dynamics of growth and
decay of roots. These dynamics are related to the position of the
optimal root-growth box. According to the stochastic fluctuations
of the water table, at a certain instant in time a generic depth z
falls in the optimal root growth zone with probability k(z). When
the depth z falls in the root growth window the root development
is enhanced, otherwise the roots tend to die for dryness or anoxia.
The root growth is not only dependent on the position of the
window, but also on the depth. The root development is generally
favored near the soil surface; plants tend to allocate roots near the
surface because the growth of deeper roots entails a larger carbon
cost (Guswa, 2010). Instead, the process of root decay is considered
to be independent of the soil depth. The alternating states of root
growth and decay under unstressed and stressed conditions can
be modeled by two functions, ~f 1ðrðzÞÞ and ~f 2ðrðzÞÞ, respectively
(Borgogno et al., 2010):

drðzÞ
d~t

¼
~f 1ðrðzÞÞ ¼ βðzÞð1$rðzÞÞ if zi$Lozozi;
~f 2ðrðzÞÞ ¼ $γrðzÞ if zozi$L 3 z4zi;

(

ð6Þ

where r(z) is the normalized root mass at a depth z, i.e. the actual
root mass divided by the maximum root mass possibly growing at
any depth under favorable growth conditions. We use a normal-
ized root mass in order to have a dimensionless variable which
ranges from a minimum value of zero to a maximum value of one.
In order to obtain the real root mass, r(z) should be multiplied
by the maximum root mass which is assumed to be independent
of the depth z, but is dependent on plant and soil hydraulic
characteristics. The function βðzÞ [1/T] and the parameter γ [1/T]
are the root growth and decay rates, respectively. In particular,
βðzÞ is a penalty function, monotonically decreasing with depth,
which favors the root growth in the more surficial layers, and γ is a
parameter describing the rapidity of the root decay in stressed
conditions.

Since we are considering dimensionless variables, we also consider
a dimensionless time t ¼ ~tγ, which transforms Eq. (6) into

drðzÞ
dt

¼
f 1ðrðzÞÞ ¼ θðzÞð1$rðzÞÞ if zi$Lozozi;
f 2ðrðzÞÞ ¼ $rðzÞ if zozi$L 3 z4zi;

(
ð7Þ

where θðzÞ ¼ βðzÞ=γ is the ratio between growth and decay root rates.
The dynamics of root growth and decay are analyzed for 0ozoh1:
the bound h1 derives from Eq. (3) (the root growth box never reaches
depths larger than h1), while the bound in zero is imposed because,
as we model the root dynamics, we are interested in the below
ground zone.

The dynamical behavior of root growth and decay can be
described by the mechanistic usage of the dichotomous noise
(Ridolfi et al., 2011; Laio et al., 2008). In fact, the dichotomous noise
is commonly used to describe systems that randomly switch
between two dynamical states, in this case root growth and decay.
The random driver which determines the transition between the
condition favorable to growth or decay is the root box position with
respect to z. The dichotomous process is a stochastic process forced
by the dichotomous noise ξdn which can assume only two values,Δ1

and Δ2, with transition rate k2 for the transition Δ2-Δ1, and
k1 ¼ 1$k2 for Δ1-Δ2. The transition rate k2 represents the prob-
ability of success, i.e. the probability to switch from the dynamic of
root decay to the dynamic of root growth; vice versa, the transition
rate k1 is the probability of failure. In this case the rate k2
corresponds to the probability that zi$Lozozi which is equal to
k(z) (Eq. (5)), while the other transition rate is k1 ¼ 1$kðzÞ.

By knowing the probability of success, k2, and failure, k1, and
the dynamic states of root growth, f 1ðrðzÞÞ, and decay, f 2ðrðzÞÞ (see
Eq. (7)), it is possible to find at each depth z the probability density
function of the state variable r(z) (see Eq. (2.44) of Ridolfi et al.,
2011), which is equal to

pðrðzÞÞ ¼ C
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where the integration constant C can be obtained by imposing that
the integral of pðrðzÞÞ over its domain is equal to one. With f1 and f2
from Eq. (7) this steady state probability density function reads
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where k(z) is given by Eq. (5). The function pðrðzÞÞ represents the
probability at each depth z to have a certain amount of roots r(z).
Eq. (9) is obtained by coupling the dynamics of root growth and
decay (Eq. (7)) with the probability to have water available for root
uptake at a certain depth z (Eq. (5)). In order to obtain the vertical
profile we calculate, at each depth, the mean value of r(z). We have
chosen to use the mean because, by definition of expected value, it
realistically represents the quantity of roots that one expects to
find at a given depth. The vertical root distribution, for 0ozoh1,
thus reads

rðzÞ ¼
Z 1

0
rðzÞ ( pðrðzÞÞ dr ¼

2θðzÞkðzÞ
θðzÞþθðzÞkðzÞþ1$kðzÞ

: ð10Þ

This equation describes the vertical root profile of phreatophytic
plants as a function of groundwater, soil and vegetation parameters.
The parameters α and λ are related to the river level variability,
while η is linked both to river dynamics and soil properties. The
parameters L and h2$h1 depend on both soil hydraulic properties
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One obtains that the pdf of zi ¼ ~zi= ~h2 is
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where h1 ¼ ~h1= ~h2. This pdf is defined in the interval ð$1;h1Þ, but
the part of the function above the surface (zo0) is not significant
as roots of course can only grow below ground.

It is then possible to find the probability k(z) that a generic
depth z¼ ~z= ~h2 falls in the optimal root-growth zone. The prob-
ability k(z) that zi$Lozozi, where L¼ ~L= ~h2, corresponds to
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where Γð(; (Þ represents the incomplete Gamma function (Abramowitz
and Stegun, 1964). The probability (5) is defined between $1 and h1,
but we only consider the range 0ozoh1 where the roots can
possibly grow.

Our aim is now to link k(z) to the dynamics of growth and
decay of roots. These dynamics are related to the position of the
optimal root-growth box. According to the stochastic fluctuations
of the water table, at a certain instant in time a generic depth z
falls in the optimal root growth zone with probability k(z). When
the depth z falls in the root growth window the root development
is enhanced, otherwise the roots tend to die for dryness or anoxia.
The root growth is not only dependent on the position of the
window, but also on the depth. The root development is generally
favored near the soil surface; plants tend to allocate roots near the
surface because the growth of deeper roots entails a larger carbon
cost (Guswa, 2010). Instead, the process of root decay is considered
to be independent of the soil depth. The alternating states of root
growth and decay under unstressed and stressed conditions can
be modeled by two functions, ~f 1ðrðzÞÞ and ~f 2ðrðzÞÞ, respectively
(Borgogno et al., 2010):

drðzÞ
d~t

¼
~f 1ðrðzÞÞ ¼ βðzÞð1$rðzÞÞ if zi$Lozozi;
~f 2ðrðzÞÞ ¼ $γrðzÞ if zozi$L 3 z4zi;

(

ð6Þ

where r(z) is the normalized root mass at a depth z, i.e. the actual
root mass divided by the maximum root mass possibly growing at
any depth under favorable growth conditions. We use a normal-
ized root mass in order to have a dimensionless variable which
ranges from a minimum value of zero to a maximum value of one.
In order to obtain the real root mass, r(z) should be multiplied
by the maximum root mass which is assumed to be independent
of the depth z, but is dependent on plant and soil hydraulic
characteristics. The function βðzÞ [1/T] and the parameter γ [1/T]
are the root growth and decay rates, respectively. In particular,
βðzÞ is a penalty function, monotonically decreasing with depth,
which favors the root growth in the more surficial layers, and γ is a
parameter describing the rapidity of the root decay in stressed
conditions.

Since we are considering dimensionless variables, we also consider
a dimensionless time t ¼ ~tγ, which transforms Eq. (6) into

drðzÞ
dt

¼
f 1ðrðzÞÞ ¼ θðzÞð1$rðzÞÞ if zi$Lozozi;
f 2ðrðzÞÞ ¼ $rðzÞ if zozi$L 3 z4zi;

(
ð7Þ

where θðzÞ ¼ βðzÞ=γ is the ratio between growth and decay root rates.
The dynamics of root growth and decay are analyzed for 0ozoh1:
the bound h1 derives from Eq. (3) (the root growth box never reaches
depths larger than h1), while the bound in zero is imposed because,
as we model the root dynamics, we are interested in the below
ground zone.

The dynamical behavior of root growth and decay can be
described by the mechanistic usage of the dichotomous noise
(Ridolfi et al., 2011; Laio et al., 2008). In fact, the dichotomous noise
is commonly used to describe systems that randomly switch
between two dynamical states, in this case root growth and decay.
The random driver which determines the transition between the
condition favorable to growth or decay is the root box position with
respect to z. The dichotomous process is a stochastic process forced
by the dichotomous noise ξdn which can assume only two values,Δ1

and Δ2, with transition rate k2 for the transition Δ2-Δ1, and
k1 ¼ 1$k2 for Δ1-Δ2. The transition rate k2 represents the prob-
ability of success, i.e. the probability to switch from the dynamic of
root decay to the dynamic of root growth; vice versa, the transition
rate k1 is the probability of failure. In this case the rate k2
corresponds to the probability that zi$Lozozi which is equal to
k(z) (Eq. (5)), while the other transition rate is k1 ¼ 1$kðzÞ.

By knowing the probability of success, k2, and failure, k1, and
the dynamic states of root growth, f 1ðrðzÞÞ, and decay, f 2ðrðzÞÞ (see
Eq. (7)), it is possible to find at each depth z the probability density
function of the state variable r(z) (see Eq. (2.44) of Ridolfi et al.,
2011), which is equal to

pðrðzÞÞ ¼ C
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where the integration constant C can be obtained by imposing that
the integral of pðrðzÞÞ over its domain is equal to one. With f1 and f2
from Eq. (7) this steady state probability density function reads

pðrðzÞÞ ¼
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where k(z) is given by Eq. (5). The function pðrðzÞÞ represents the
probability at each depth z to have a certain amount of roots r(z).
Eq. (9) is obtained by coupling the dynamics of root growth and
decay (Eq. (7)) with the probability to have water available for root
uptake at a certain depth z (Eq. (5)). In order to obtain the vertical
profile we calculate, at each depth, the mean value of r(z). We have
chosen to use the mean because, by definition of expected value, it
realistically represents the quantity of roots that one expects to
find at a given depth. The vertical root distribution, for 0ozoh1,
thus reads

rðzÞ ¼
Z 1

0
rðzÞ ( pðrðzÞÞ dr ¼

2θðzÞkðzÞ
θðzÞþθðzÞkðzÞþ1$kðzÞ

: ð10Þ

This equation describes the vertical root profile of phreatophytic
plants as a function of groundwater, soil and vegetation parameters.
The parameters α and λ are related to the river level variability,
while η is linked both to river dynamics and soil properties. The
parameters L and h2$h1 depend on both soil hydraulic properties
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where h1 ¼ ~h1= ~h2. This pdf is defined in the interval ð$1;h1Þ, but
the part of the function above the surface (zo0) is not significant
as roots of course can only grow below ground.

It is then possible to find the probability k(z) that a generic
depth z¼ ~z= ~h2 falls in the optimal root-growth zone. The prob-
ability k(z) that zi$Lozozi, where L¼ ~L= ~h2, corresponds to
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where Γð(; (Þ represents the incomplete Gamma function (Abramowitz
and Stegun, 1964). The probability (5) is defined between $1 and h1,
but we only consider the range 0ozoh1 where the roots can
possibly grow.

Our aim is now to link k(z) to the dynamics of growth and
decay of roots. These dynamics are related to the position of the
optimal root-growth box. According to the stochastic fluctuations
of the water table, at a certain instant in time a generic depth z
falls in the optimal root growth zone with probability k(z). When
the depth z falls in the root growth window the root development
is enhanced, otherwise the roots tend to die for dryness or anoxia.
The root growth is not only dependent on the position of the
window, but also on the depth. The root development is generally
favored near the soil surface; plants tend to allocate roots near the
surface because the growth of deeper roots entails a larger carbon
cost (Guswa, 2010). Instead, the process of root decay is considered
to be independent of the soil depth. The alternating states of root
growth and decay under unstressed and stressed conditions can
be modeled by two functions, ~f 1ðrðzÞÞ and ~f 2ðrðzÞÞ, respectively
(Borgogno et al., 2010):

drðzÞ
d~t

¼
~f 1ðrðzÞÞ ¼ βðzÞð1$rðzÞÞ if zi$Lozozi;
~f 2ðrðzÞÞ ¼ $γrðzÞ if zozi$L 3 z4zi;

(

ð6Þ

where r(z) is the normalized root mass at a depth z, i.e. the actual
root mass divided by the maximum root mass possibly growing at
any depth under favorable growth conditions. We use a normal-
ized root mass in order to have a dimensionless variable which
ranges from a minimum value of zero to a maximum value of one.
In order to obtain the real root mass, r(z) should be multiplied
by the maximum root mass which is assumed to be independent
of the depth z, but is dependent on plant and soil hydraulic
characteristics. The function βðzÞ [1/T] and the parameter γ [1/T]
are the root growth and decay rates, respectively. In particular,
βðzÞ is a penalty function, monotonically decreasing with depth,
which favors the root growth in the more surficial layers, and γ is a
parameter describing the rapidity of the root decay in stressed
conditions.

Since we are considering dimensionless variables, we also consider
a dimensionless time t ¼ ~tγ, which transforms Eq. (6) into

drðzÞ
dt

¼
f 1ðrðzÞÞ ¼ θðzÞð1$rðzÞÞ if zi$Lozozi;
f 2ðrðzÞÞ ¼ $rðzÞ if zozi$L 3 z4zi;

(
ð7Þ

where θðzÞ ¼ βðzÞ=γ is the ratio between growth and decay root rates.
The dynamics of root growth and decay are analyzed for 0ozoh1:
the bound h1 derives from Eq. (3) (the root growth box never reaches
depths larger than h1), while the bound in zero is imposed because,
as we model the root dynamics, we are interested in the below
ground zone.

The dynamical behavior of root growth and decay can be
described by the mechanistic usage of the dichotomous noise
(Ridolfi et al., 2011; Laio et al., 2008). In fact, the dichotomous noise
is commonly used to describe systems that randomly switch
between two dynamical states, in this case root growth and decay.
The random driver which determines the transition between the
condition favorable to growth or decay is the root box position with
respect to z. The dichotomous process is a stochastic process forced
by the dichotomous noise ξdn which can assume only two values,Δ1

and Δ2, with transition rate k2 for the transition Δ2-Δ1, and
k1 ¼ 1$k2 for Δ1-Δ2. The transition rate k2 represents the prob-
ability of success, i.e. the probability to switch from the dynamic of
root decay to the dynamic of root growth; vice versa, the transition
rate k1 is the probability of failure. In this case the rate k2
corresponds to the probability that zi$Lozozi which is equal to
k(z) (Eq. (5)), while the other transition rate is k1 ¼ 1$kðzÞ.

By knowing the probability of success, k2, and failure, k1, and
the dynamic states of root growth, f 1ðrðzÞÞ, and decay, f 2ðrðzÞÞ (see
Eq. (7)), it is possible to find at each depth z the probability density
function of the state variable r(z) (see Eq. (2.44) of Ridolfi et al.,
2011), which is equal to

pðrðzÞÞ ¼ C
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where the integration constant C can be obtained by imposing that
the integral of pðrðzÞÞ over its domain is equal to one. With f1 and f2
from Eq. (7) this steady state probability density function reads
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where k(z) is given by Eq. (5). The function pðrðzÞÞ represents the
probability at each depth z to have a certain amount of roots r(z).
Eq. (9) is obtained by coupling the dynamics of root growth and
decay (Eq. (7)) with the probability to have water available for root
uptake at a certain depth z (Eq. (5)). In order to obtain the vertical
profile we calculate, at each depth, the mean value of r(z). We have
chosen to use the mean because, by definition of expected value, it
realistically represents the quantity of roots that one expects to
find at a given depth. The vertical root distribution, for 0ozoh1,
thus reads

rðzÞ ¼
Z 1

0
rðzÞ ( pðrðzÞÞ dr ¼

2θðzÞkðzÞ
θðzÞþθðzÞkðzÞþ1$kðzÞ

: ð10Þ

This equation describes the vertical root profile of phreatophytic
plants as a function of groundwater, soil and vegetation parameters.
The parameters α and λ are related to the river level variability,
while η is linked both to river dynamics and soil properties. The
parameters L and h2$h1 depend on both soil hydraulic properties
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Pdf of root density at a given depth, z Tron et al., 2014

The telegraph process



ROOT PROFILE  r(z) is the mean of p(r(z)) at given z

PDF of the WATER TABLE p(z)

Soil surface

This is the first model for root growth that has an analytical
solution for the vertical profile (not a pdf!) of the biomass.

One obtains that the pdf of zi ¼ ~zi= ~h2 is
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where h1 ¼ ~h1= ~h2. This pdf is defined in the interval ð$1;h1Þ, but
the part of the function above the surface (zo0) is not significant
as roots of course can only grow below ground.

It is then possible to find the probability k(z) that a generic
depth z¼ ~z= ~h2 falls in the optimal root-growth zone. The prob-
ability k(z) that zi$Lozozi, where L¼ ~L= ~h2, corresponds to

kðzÞ ¼
Z min½zþ L;h1'
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where Γð(; (Þ represents the incomplete Gamma function (Abramowitz
and Stegun, 1964). The probability (5) is defined between $1 and h1,
but we only consider the range 0ozoh1 where the roots can
possibly grow.

Our aim is now to link k(z) to the dynamics of growth and
decay of roots. These dynamics are related to the position of the
optimal root-growth box. According to the stochastic fluctuations
of the water table, at a certain instant in time a generic depth z
falls in the optimal root growth zone with probability k(z). When
the depth z falls in the root growth window the root development
is enhanced, otherwise the roots tend to die for dryness or anoxia.
The root growth is not only dependent on the position of the
window, but also on the depth. The root development is generally
favored near the soil surface; plants tend to allocate roots near the
surface because the growth of deeper roots entails a larger carbon
cost (Guswa, 2010). Instead, the process of root decay is considered
to be independent of the soil depth. The alternating states of root
growth and decay under unstressed and stressed conditions can
be modeled by two functions, ~f 1ðrðzÞÞ and ~f 2ðrðzÞÞ, respectively
(Borgogno et al., 2010):

drðzÞ
d~t

¼
~f 1ðrðzÞÞ ¼ βðzÞð1$rðzÞÞ if zi$Lozozi;
~f 2ðrðzÞÞ ¼ $γrðzÞ if zozi$L 3 z4zi;

(

ð6Þ

where r(z) is the normalized root mass at a depth z, i.e. the actual
root mass divided by the maximum root mass possibly growing at
any depth under favorable growth conditions. We use a normal-
ized root mass in order to have a dimensionless variable which
ranges from a minimum value of zero to a maximum value of one.
In order to obtain the real root mass, r(z) should be multiplied
by the maximum root mass which is assumed to be independent
of the depth z, but is dependent on plant and soil hydraulic
characteristics. The function βðzÞ [1/T] and the parameter γ [1/T]
are the root growth and decay rates, respectively. In particular,
βðzÞ is a penalty function, monotonically decreasing with depth,
which favors the root growth in the more surficial layers, and γ is a
parameter describing the rapidity of the root decay in stressed
conditions.

Since we are considering dimensionless variables, we also consider
a dimensionless time t ¼ ~tγ, which transforms Eq. (6) into

drðzÞ
dt

¼
f 1ðrðzÞÞ ¼ θðzÞð1$rðzÞÞ if zi$Lozozi;
f 2ðrðzÞÞ ¼ $rðzÞ if zozi$L 3 z4zi;

(
ð7Þ

where θðzÞ ¼ βðzÞ=γ is the ratio between growth and decay root rates.
The dynamics of root growth and decay are analyzed for 0ozoh1:
the bound h1 derives from Eq. (3) (the root growth box never reaches
depths larger than h1), while the bound in zero is imposed because,
as we model the root dynamics, we are interested in the below
ground zone.

The dynamical behavior of root growth and decay can be
described by the mechanistic usage of the dichotomous noise
(Ridolfi et al., 2011; Laio et al., 2008). In fact, the dichotomous noise
is commonly used to describe systems that randomly switch
between two dynamical states, in this case root growth and decay.
The random driver which determines the transition between the
condition favorable to growth or decay is the root box position with
respect to z. The dichotomous process is a stochastic process forced
by the dichotomous noise ξdn which can assume only two values,Δ1

and Δ2, with transition rate k2 for the transition Δ2-Δ1, and
k1 ¼ 1$k2 for Δ1-Δ2. The transition rate k2 represents the prob-
ability of success, i.e. the probability to switch from the dynamic of
root decay to the dynamic of root growth; vice versa, the transition
rate k1 is the probability of failure. In this case the rate k2
corresponds to the probability that zi$Lozozi which is equal to
k(z) (Eq. (5)), while the other transition rate is k1 ¼ 1$kðzÞ.

By knowing the probability of success, k2, and failure, k1, and
the dynamic states of root growth, f 1ðrðzÞÞ, and decay, f 2ðrðzÞÞ (see
Eq. (7)), it is possible to find at each depth z the probability density
function of the state variable r(z) (see Eq. (2.44) of Ridolfi et al.,
2011), which is equal to
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where the integration constant C can be obtained by imposing that
the integral of pðrðzÞÞ over its domain is equal to one. With f1 and f2
from Eq. (7) this steady state probability density function reads
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where k(z) is given by Eq. (5). The function pðrðzÞÞ represents the
probability at each depth z to have a certain amount of roots r(z).
Eq. (9) is obtained by coupling the dynamics of root growth and
decay (Eq. (7)) with the probability to have water available for root
uptake at a certain depth z (Eq. (5)). In order to obtain the vertical
profile we calculate, at each depth, the mean value of r(z). We have
chosen to use the mean because, by definition of expected value, it
realistically represents the quantity of roots that one expects to
find at a given depth. The vertical root distribution, for 0ozoh1,
thus reads

rðzÞ ¼
Z 1

0
rðzÞ ( pðrðzÞÞ dr¼

2θðzÞkðzÞ
θðzÞþθðzÞkðzÞþ1$kðzÞ

: ð10Þ

This equation describes the vertical root profile of phreatophytic
plants as a function of groundwater, soil and vegetation parameters.
The parameters α and λ are related to the river level variability,
while η is linked both to river dynamics and soil properties. The
parameters L and h2$h1 depend on both soil hydraulic properties

S. Tron et al. / Journal of Theoretical Biology 360 (2014) 102–108104



Model validation
1. Rhone riverbank 2. Thur river island 3. EPFL experiment

details in Tron, Perona et al. (2015) 
Geophysical Research Letters



Root development graphical User Interface
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Some first conclusions

< 372 m asl > 372 m asl

Growing roots at high elevations might be worth not only
because floods come less frequently (hydrological return
time): the deeper the roots are, the higher the actual return
time of the flooding event that uproots the plant (continue…)


